In this paper we consider a location model of the form Y = m(X)+ε, where m(·) is the unknown regression function, the error ε is independent of the p-dimensional covariate X and E(ε) = 0. Given i.i.d. data (X 1 , Y 1 ), . . . , (X n , Y n ) and given an estimatorm(·) of the function m(·) (which can be parametric or nonparametric of nature), we estimate the distribution of the error term ε by the empirical distribution of the residuals Y i −m(X i ), i = 1, . . . , n. To approximate the distribution of this estimator, Koul and Lahiri (1994) and Neumeyer (2008 Neumeyer ( , 2009 ) proposed bootstrap procedures, based on smoothing the residuals either before or after drawing bootstrap samples. So far it has been an open question whether a classical non-smooth residual bootstrap is asymptotically valid in this context. In this paper we solve this open problem, and show that the non-smooth residual bootstrap is consistent. We illustrate this theoretical result by means of simulations, that show the accuracy of this bootstrap procedure for various models, testing procedures and sample sizes.
INTRODUCTION

Introduction
Consider the model 1) where the response Y is univariate, the covariate X is of dimension p ≥ 1, and the error term ε is independent of X. The regression function m(·) can be parametric (e.g. linear) or nonparametric of nature, and the distribution F of ε is completely unknown, except that E(ε) = 0. The estimation of the distribution F has been the object of many papers in the literature, starting with the seminal papers of Durbin (1973) , Loynes (1980) and Koul (1987) in the case where m(·) is parametric, whereas the nonparametric case has been studied by Van Keilegom and Akritas (1999) , Akritas and Van Keilegom (2001) and Müller et al. (2004) , among others. The estimator of the error distribution has been shown to be very useful for testing hypotheses regarding several features of model (1.1), like e.g. testing for the form of the regression function m(·) ), comparing regression curves (Pardo-Fernández et al. (2007) ), testing independence between ε and X (Einmahl and Van Keilegom (2008) and Racine and Van Keilegom (2017) ), testing for symmetry of the error distribution (Koul (2002) , Neumeyer and Dette (2007) ), among others. The idea in each of these papers is to compare an estimator of the error distribution obtained under the null hypothesis with an estimator that is not based on the null. Since the asymptotic distribution of the estimator of F has a complicated covariance structure, bootstrap procedures have been proposed to approximate the distribution of the estimator and the critical values of the tests. Koul and Lahiri (1994) proposed a residual bootstrap for linear regression models, where the bootstrap residuals are drawn from a smoothed empirical distribution of the residuals. Neumeyer (2009) proposed a similar bootstrap procedure for nonparametric regression models. The reason why a smooth bootstrap was proposed is that the methods of proof in both papers require a smooth distribution of the bootstrap error. Smooth residual bootstrap procedures have been applied by De Angelis et al. (1993) , Mora (2005) , PardoFernández et al. (2007) , and Huskova and Meintanis (2009) , among many others. An alternative bootstrap procedure for nonparametric regression was proposed in Neumeyer (2008) , where bootstrap residuals were drawn from the non-smoothed empirical distribution of the residuals, after which smoothing is applied on the empirical distribution of the bootstrap residuals. Further it has been shown that wild bootstrap in the context of residual-based procedures can only be applied for specific testing problems as testing for symmetry (Neumeyer et al. (2005) , Neumeyer and Dette (2007) ), whereas it is not valid in general (see Neumeyer (2006) ). It has been an open question so far whether a classical non-smooth residual bootstrap is asymptotically valid in this context. In this paper we solve this open problem, and show that the non-smooth residual bootstrap is consistent when applied to residual processes. We will do this for the case of nonparametric regression with random design and for linear models with fixed design. Other models (nonparametric regression with fixed design, nonlinear or semiparametric regression,..) can be treated similarly. The question whether smooth bootstrap procedures should be preferred over non-smooth bootstrap procedures has been discussed in different contexts, see Silverman and Young (1987) and Hall et al. (1989) .
The finite sample performance of the smooth and non-smooth residual bootstrap for residual processes has been studied by Neumeyer (2009) . The paper shows that for small sample sizes using the classical residual bootstrap version of the residual empirical process in the nonparametric regression context yields too small quantiles. However, as we will show in this paper, this problem is diminished for larger sample sizes and it is not very relevant when applied to testing problems. This paper is organized as follows. In the next section, we show the consistency of the non-smooth residual bootstrap in the context of nonparametric regression. In Section 3, the non-smooth residual bootstrap is shown to be valid in a linear regression model. The finite sample performance of the proposed bootstrap is studied in a simulation study in Section 4. All the proofs and the regularity conditions are collected in the Appendix.
Nonparametric regression
We start with the case of nonparametric regression with random design. The covariate is supposed to be one-dimensional. To estimate the regression function we use a kernel estimator based on Nadaraya-Watson weights :
where k is a kernel density function, k h (·) = k(·/h)/h and h = h n is a positive bandwidth sequence converging to zero when n tends to infinity.
. . , n. In Theorem 1 in Akritas and Van Keilegom (2001) it is shown that the residual process n −1/2 n i=1 I{ε i ≤ y} − F (y) , y ∈ R, converges weakly to a zero-mean Gaussian process W (y) with covariance function given by
where ε has distribution function F and density f .
Neumeyer (2009) studied a smooth bootstrap procedure to approximate the distribution of this residual process, and she showed that the smooth bootstrap 'works' in the sense that the limiting distribution of the bootstrapped residual process, conditional on the data, equals the process W (y) defined above, in probability. We will study an alternative bootstrap procedure that has the advantage of not requiring smoothing of the residual distribution. For i = 1, . . . , n, letε i =ε i − n −1 n j=1ε j , and let
I{ε i ≤ y} be the (non-smoothed) empirical distribution of the centered residuals. Then, we randomly draw bootstrap errors ε * 0,1 , . . . , ε * 0,n with replacement fromF 0,n . Let Y * i =m(X i ) + ε * 0,i , i = 1, . . . , n, and letm * 0 (·) be the same asm(·), except that we use the bootstrap
We are interested in the asymptotic behavior of the process n 1/2 (F * 0,n −F 0,n ) witĥ
and we will show below that it converges asymptotically to the same limiting Gaussian process as the original residual process n −1/2 n i=1 I{ε i ≤ y} − F (y) , y ∈ R, which means that smoothing of the residuals is not necessary to obtain a consistent bootstrap procedure.
In order to prove this result, we will use the results proved in Neumeyer (2009) to show that the difference between the smooth and the non-smooth bootstrap residual process is asymptotically negligible. To this end, first note that we can write ε *
Strictly speaking the U i 's form a triangular array U 1,n , . . . , U n,n of U [0, 1] variables, but since we are only interested in convergence in distribution of the bootstrap residual process (as opposed to convergence in probability or almost surely), we can work with U 1 , . . . , U n without loss of generality.
We introduce the following notations : let ε * s,i =F −1 s,n (U i ), whereF s,n (y) = F 0,n (y − vs n ) dL(v) is the convolution of the distributionF 0,n (y − ·s n ) and the integrated kernel
where is a kernel density function and s n is a bandwidth sequence controlling the smoothness ofF s,n . Then, similarly to the definition ofε We then decompose the bootstrap residual process as follows :
In Lemmas A.1 and A.3 in the Appendix we show that under assumptions (A1)-(A4) and conditions (C1), (C2) concerning the choice of and s n in the proof (also given in the Appendix), the terms T n1 and T n3 are asymptotically negligible. For the proof of negligibility of T n1 it is important that in (2.4) the same functionm * 0 is used than in (2.2) (in contrast to (2.7) below). Further in Lemma A.2 we show that the process T n2 is asymptotically equivalent to the smooth bootstrap residual process n 1/2 (F * s,n −F s,n ) witĥ 6) where, in contrast to (2.4),ε *
withm * s defined asm, but based on smoothed bootstrap data (X i ,m(X i ) + ε * s,i ), i = 1, . . . , n. Neumeyer (2009) showed weak convergence of the residual process based on the smooth residual bootstrap, n 1/2 (F * s,n −F s,n ), to the Gaussian process defined in (2.1). This leads to the following main result regarding the validity of the non-smooth bootstrap residual process.
where β ∈ R p denotes the unknown parameter and the errors ε ni are assumed to be independent and identically distributed with E[ε ni ] = 0 and distribution function F . Throughout this section let X n ∈ R n×p denote the design matrix in the linear model, where the vector x T ni = (x ni1 , . . . , x nip ) corresponds to the ith row of the matrix X n and is not random. The design matrix X n ∈ R n×p is assumed to be of rank p ≤ n and to satisfy the regularity assumptions (AL1) given in the Appendix. We consider the least squares estimatorβ
with the notations
. . , n. Residual processes in linear models have been extensively studied by Koul (2002) . It is shown there that, under our assumptions (AL1) and (AL2) in the Appendix, the process n
I{ε ni ≤ y}−F (y) , y ∈ R, converges weakly to a zero-mean Gaussian process W (y) with covariance function
where ε has distribution function F and density f , and m and Σ are defined in (AL1).
For the bootstrap procedure we generate ε * 0,i , i = 1, . . . , n, from the distribution functionF
Note that unlike in the nonparametric case, we don't have to center the residuals, as they are centered by construction. Note also that in the bootstrap residuals we suppress the index n to match the notation in the nonparametric case. We now define bootstrap observations by
and calculate estimated residuals from the bootstrap samplê
whereβ * 0,n is the least squares estimator
We will show that the bootstrap residual process n 1/2 F * 0,n (y) −F 0,n (y) , witĥ (3.6) converges to the same limiting process W (y), y ∈ R, as the original residual process n
is the smoothed empirical distribution function of the residuals, we have the same decomposition (2.5) as in the nonparametric case. In Lemmas A.4 and A.6 in the Appendix we show that under assumptions (AL1), (AL2) and conditions (CL1), (CL2) on the choice of s n and L (also given in the Appendix) the terms T n1 and T n3 are asymptotically negligible. Further we show in Lemma A.5 that the limiting distribution of
, but with smooth bootstrap errors ε * s,i ) is the same as the limiting distribution of n 1/2 F * s,n (y) −F s,n (y) , witĥ
To show this we use results from Koul and Lahiri (1994) . In this way we obtain the validity of the classical residual bootstrap.
Theorem 3.1. Assume (AL1), (AL2) in the Appendix. Then, conditionally on the data Y 1n , . . . , Y nn , the process n 1/2 F * 0,n (y) −F 0,n (y) , y ∈ R, converges weakly to the zero-mean Gaussian process W (y), y ∈ R, defined in (3.3), in probability.
The proof is given in the Appendix.
Simulations
In this section we will study the behavior of the smooth and the non-smooth residual bootstrap for a range of models, sample sizes and contexts. We start with an empirical study to assess the quality of the approximation of the distribution of the residual empirical distribution by means of the bootstrap. Next, we will consider the use of the residual bootstrap for approximating the critical values in two representative examples of hypothesis testing procedures based on residual processes : the case of testing for symmetry of the error distribution, and the case of goodness-of-fit tests for the regression function.
Bootstrap approximation
Consider model (1.1) in the nonparametric case and generate data with m(x) = 2x, where X follows a uniform distribution on [0, 1], and ε ∼ N (0, 0.25
2 ). In order to assess the quality of the smooth and the non-smooth bootstrap approximation, we compare the distribution of the least squares distance (or
2 with its respective bootstrap versions based on the smooth or non-smooth residual bootstrap (see (2.3) and (2.6), respectively):
Here,F 0,n ,F s,n ,F * 0,n andF * s,n are defined as in Section 2. We also calculate the more robust median absolute deviation distance defined by
and compare this with the bootstrap versions :
.
In order to verify whether the distribution of LS is close to that of its bootstrap versions LS * 0 and LS * s (and similarly for M AD), we calculate the proportion of samples for which LS exceeds the (1 − α)-th quantile of the distribution of LS * 0 and LS * s . If the bootstrap approximation works well, we expect a proportion close to α. Table 1 shows the results of this comparison for several sample sizes and several quantile levels α. The results are based on 500 simulation runs, and for each simulation 500 bootstrap samples are generated. The bandwidth h n is taken equal to h n =σ X n −0.3 withσ X the empirical standard deviation of X 1 , . . . , X n , and the kernel k is the biweight kernel. For the smooth bootstrap, bootstrap errors ε
The table shows that the smooth bootstrap provides a quite good approximation especially for larger sample sizes, whereas the proportions provided by the non-smooth bootstrap are systematically too small. The MAD distance provides a better approximation than the less robust LS distance. Overall, it is clear that the non-smooth residual bootstrap, although it is asymptotically valid, performs less good than the smooth residual bootstrap in this situation. This was already shown by Neumeyer (2009) , and so here we confirm these findings using different models and different statistics, and taking a larger range of sample sizes. A possible explanation for the discrepancy between the behavior of the smooth and the non-smooth residual bootstrap is that F (y) (in the original statistic) andF s,n (y) (in the smooth bootstrap approximation) are both smooth, whereasF 0,n (y) (in the non-smooth bootstrap) is a step function, which leads to a less good approximation. Table 1 : Comparison between the behavior of the smooth and the non-smooth bootstrap in the nonparametric model for several sample sizes n, quantile levels α and distance measures.
Application to testing for symmetry
As already mentioned before, the residual bootstrap is very much used in hypothesis testing regarding various aspects of model (1.1). As a first illustration we consider a test for the symmetry of the error density in a linear regression model with fixed design. More precisely, consider the model Y ni = x T ni β + ε ni , where E(ε ni ) = 0, and suppose we are interested in testing the following hypothesis regarding the distribution F of ε ni :
When the design is fixed and the regression function is linear, Koul (2002) considered a test for H 0 based on the residual procesŝ
niβ n . Natural test statistics are the Kolmogorov-Smirnov and the Crámer-von Mises statistics :
It is clear from the covariance function given in (3.3) that their asymptotic distribution is not easy to approximate, and that the residual bootstrap offers a valid alternative. We will compare the level and power of the two tests, using the smooth and the non-smooth bootstrap. The bootstrapped versions of T CM (and similarly for T KS ) are given by
where for the non-smooth bootstrap, bootstrap errors ε * 0,1 , . . . , ε * 0,n are drawn from 1 2 F 0,n (·)+F −0,n (·) , which is by construction a symmetric distribution, and for the smooth bootstrap we smooth this distribution using s n = 0.5n −1/4 and a Gaussian kernel. The estimatorsF * 0,n (·) andF * s,n (·) are defined as in (3.6) and (3.8), andF * −0,n (·) andF * −s,n (·) are defined accordingly. Finally, we reject H 0 if the observed value of T CM exceeds the quantile of level 1 − α of the distribution of T * CM,0 or T * CM,s . Consider the model Y ni = 2x ni + ε ni , where x ni = i/n. We consider two error distributions under H 0 . The first one is a normal distribution with mean zero and variance 0.25
2 . Under the alternative we consider the skew normal distribution of Azzalini (1985) , whose density is given by 2φ(y)Φ(dy), where φ and Φ are the density and distribution of the standard normal. More precisely, we let d = 2 and d = 4 and standardize these skew normal distributions so that they have mean zero and variance 0.25 2 . Note that when d = 0 we find back the normal distribution. The second error distribution under H 0 is a Student-t distribution with 3 degrees of freedom, standardized in such a way that the variance equals 0.25 2 . Note that the asymptotic theory does not cover this case, but we like to know how sensitive the bootstrap methods are to the existence of moments of The results, shown in Tables 2 and 3 , are based on 2000 simulation runs, and for each simulated sample a total of 2000 bootstrap samples are generated. The tables show that the Crámer-von Mises test outperforms the Kolmogorov-Smirnov test, and hence we focus on the former test. Table 2 shows that for the normal error distribution, the level is about right for the smooth bootstrap and a little bit too low for the non-smooth bootstrap, resulting in a slightly higher power for the smooth bootstrap. On the other hand, it should be noted that the behavior of the smooth bootstrap depends on the smoothing parameter s n , whereas the non-smooth bootstrap is free of any additional parameters. Table 3 shows a very different picture. Here, the level is much too high for the smooth bootstrap, and about right for the non-smooth bootstrap. When n increases the situation for the smooth bootstrap gets better, but the level is still about 40-50% too high. The power is somewhat higher for the smooth bootstrap, but given that the level is much too high, a fair comparison is not really possible here. Table 3 : Rejection probabilities of the test for symmetry in the linear model for several sample sizes n and for α = 0.025, 0.05 and 0.1. Under the null we have a Student-t distribution with 3 degrees of freedom (p = 1), whereas under the alternative we have a mixture of a Student-t (3) and a Gumbel distribution (p = 0.75 and p = 0.50).
Application to goodness-of-fit tests
We end this section with a second application of the residual bootstrap, which concerns the use of residual processes and the residual bootstrap for testing the fit of a parametric model for the regression function m :
where M is a class of parametric regression functions depending on a k-dimensional parameter space Θ. Van Keilegom et al. (2008) showed that testing H 0 is equivalent to testing whether the error distribution satisfies F ≡ F 0 , where F 0 is the distribution of Y − m θ 0 (X) and θ 0 is the value of θ that minimizes
. Consider the following Kolmogorov-Smirnov and Crámer-von Mises type test statistics :
whereF 0,n is as defined in Section 2 andF θ (y) = n
for any θ, andθ is the least squares estimator of θ. The critical values of these test statistics are approximated using our smooth and non-smooth residual bootstrap. More precisely, the bootstrapped versions of T CM (and similarly for T KS ) are given by
and
whereθ * 0 is the least squares estimator based on the bootstrap data (
for any θ, and similarly forθ * s andF * s,θ (y). We reject H 0 if the observed value of T CM exceeds the quantile of level 1 − α of the distribution of T * CM,0 or T * CM,s . We consider the model m(x) = 2x and let M = {x → θx : θ ∈ Θ}, i.e. the null model is a linear model without intercept. The error term ε follows either a normal distribution or a Student-t distribution with 3 degrees of freedom, in both cases standardized in such a way that the variance equals 0.25 2 . The covariate X has a uniform distribution on [0, 1].
The bandwidth h n is taken equal to h n =σ X n −0.3 , and the kernel k is the biweight kernel.
For the smooth bootstrap, we use a standard normal distribution and s n = 0.5n −1/4 , as Table 4 : Rejection probabilities of the goodness-of-fit test for several sample sizes and for α = 0.025, 0.05 and 0.1, when the error term has a normal distribution. The regression function is m(x) = 2x + ax 2 and the null hypothesis corresponds to a = 0.
in Neumeyer (2009) . Under the alternative we consider the model m(x) = 2x + ax 2 for a = 0.25 and 0.5. The rejection probabilities, given in Tables 4 and 5 , are based on 2000 simulation runs, and for each simulation 2000 bootstrap samples are generated. The tables show that the Crámer-von Mises test outperforms the Kolmogorov-Smirnov test, independently of the sample size, the type of bootstrap and the value of a (corresponding to the null or the alternative). Hence, we focus on the Crámer-von Mises test. For the amount of smoothing chosen in this simulation (namely s n = 0.5n −1/4 ) Table 4 shows that the smooth bootstrap behaves slightly better than the non-smooth bootstrap when the error is normal, but the difference is small. However, when the error has a Student-t distribution ( Table 5 : Rejection probabilities of the goodness-of-fit test for several sample sizes and for α = 0.025, 0.05 and 0.1, when the error term has a Student-t distribution with 3 degrees of freedom. The regression function is m(x) = 2x + ax 2 and the null hypothesis corresponds to a = 0.
A Proofs
A.1 Nonparametric regression
The results of Section 2 are valid under the following regularity conditions.
(A1) The univariate covariates X 1 , . . . , X n are independent and identically distributed on a compact support, say [0, 1]. They have a twice continuously differentiable density that is bounded away from zero. The regression function m is twice continuously differentiable in (0, 1).
(A2) The errors ε 1 , . . . , ε n are independent and identically distributed with distribution function F . They are centered and are independent of the covariates. F is twice continuously differentiable with strictly positive density f such that sup y∈R f (y) < ∞ and sup y∈R |f (y)| < ∞.
(A3) k is a twice continuously differentiable symmetric density with compact support [−1, 1], say, such that uk(u) du = 0 and k(−1) = k(1) = 0. The first derivative of k is of bounded variation.
(A4) h n is a sequence of positive bandwidths such that h n ∼ c n n , c n is only of logarithmic rate, and υ is defined in (A2).
Under those assumptions one in particular has that nh 4 n = o(1) and it is possible to find some δ ∈ (0, 1 2 ) with
For the auxiliary smooth bootstrap residual process we need to choose a kernel and a bandwidth s n that fulfill the following conditions.
(C1) Let denote a symmetric probability density function with compact support which has κ ≥ 2 bounded derivatives inside the support, such that (κ) ≡ 0 and the first κ − 1 derivatives are of bounded variation.
(C2) Let s n = o(1) denote a positive sequence of bandwidths such that for n → ∞,
where δ denotes the constant defined in (A.1). Further, δ > 2 υ−1 with υ from (A2).
As kernel , e.g., the Epanechnikov kernel can be used. In order to fulfill (C2) one can choose s n ∼ n gives the constraint on η in assumption (A4). The third bandwidth condition in (C2) is then fulfilled as well.
Under assumptions (A1)-(A4) and conditions (C1), (C2) assumptions (A.1)-(A.8) in
Neumeyer (2009) (with the modification discussed in Remark 2) are satisfied (for smoothing parameter a n = s n and kernel k = ).
Below we state and prove three lemmas regarding the terms T n1 , T n2 and T n3 given in (2.5). The proof of Theorem 2.1 follows immediately from these three lemmas, together with Slutsky's Theorem.
Lemma A.1. Assume (A1)-(A4) and (C1), (C2). Then, conditionally on the data, sup y |T n1 (y)| = o P (1), in probability, where T n1 is defined in (2.5).
Proof. First note that by Lemma 3 in Cheng and Huang (2010) , it is equivalent to show that sup y |T n1 (y)| converges to zero in probability with respect to the joint probability measure of the original data and the bootstrap data. Letĝ n = (m * 0 −m n ) − (m − m n ) and κ n =m n − m n , wherẽ
and f X is the density of X. Then,
Denotingŵ n = sup y |F s,n (y) −F 0,n (y)|, it is clear that
and similarly a lower bound for T n1 (y) is given by the expression in which we replaceŵ n in the above upper bound by −ŵ n . Now consider the process
indexed by y ∈ R, g ∈ G, H ∈ H and w ∈ [−1, 1]. Here, G = C |g (x)| + sup
see Van der Vaart and Wellner (1996, p. 154) , with δ defined in (A.1). For C = 2 max{1, sup y f (y) + sup y |f (y)|} let H denote the class of continuously differentiable distribution functions H : R → [0, 1] with uniformly bounded derivative h, such that (A.4) and the tail condition
is satisfied for υ as in assumption (A2), where the constant a is independent of H ∈ H. In Proposition 3 in Neumeyer (2009) the asymptotic equicontinuity of the process E n (y, g, H, 0) as a process in (y, g, H) ∈ R × G × H has been shown. Using similar arguments the asymptotic equicontinuity of the extended process E n (y, g, H, w) in R × G × H × [−1, 1] can be shown, implying that sup y,g,H |E n (y, g, H, w) − E n (y, g, H, 0)| → 0 in probability as w → 0. Next, it follows from Lemma 2 and Proposition 4 in Neumeyer (2009) that P (F s,n ∈ H) → 1, and we know from Proposition 2 and Lemma 3 in Neumeyer (2009) that P (ĝ n ∈ G) → 1. Note however that the estimatorm * 0 in this paper is not exactly the same as the one in Neumeyer (2009) .7), based on the smooth bootstrap errors ε * s,i , i = 1, . . . , n. This means that in the proof of Lemma 3 in the latter paper the term depending on s n (or a n in the notation of that paper) does not exist. So there is one term less to handle in our case, which means that the proof for P (ĝ n ∈ G) → 1 in our case is actually simpler than in the latter paper. Finally, P (ŵ n ∈ [−1, 1]) → 1 by Lemma A.3 below. This shows that the upper bound (A.2) is bounded by n 1/2ŵ n +o P (1), uniformly in y, which is o P (1) by Lemma A.3 below. Similarly, it can be shown that the lower bound is o P (1).
Lemma A.2. Assume (A1)-(A4) and (C1), (C2). Then, conditionally on the data, the process T n2 (y), y ∈ R, defined in (2.5) converges weakly to the Gaussian process W (y), y ∈ R, in probability, where W was defined in (2.1).
Proof. First note that the only difference between the process T n2 and the process R * n = n −1/2 (F * s,n −F s,n ) (withF * s,n defined in (2.6)) studied in Neumeyer (2009) is the use ofm * 0 instead ofm * s (compare (2.4) and (2.7)). Hence, we should verify where the precise form of the estimatorm * 0 is used in the proof of the weak convergence of R * n , which is given in Theorem 2 in Neumeyer's paper. Carefully checking the proof of the latter theorem and of Lemma 1 in the same paper, reveals that T n2 (y) =T n2 (y) + o P (1), wherẽ
wheref s,n (y) = (d/dy)F s,n (y), soT n2 (y) equalsR * n (y) in the proof of Theorem 2 in Neumeyer (2009) , except that one of the ε * s,i 's has been replaced by ε * 0,i . This has however no consequences for the proof of tightness and Lindeberg's condition in the proof of the aforementioned theorem. The only difference is that convergence of E * [I{ε * s,i ≤ y}ε * 0,i ] to E[I{ε ≤ y}ε] in probability has to be shown. Here E * denotes conditional expectation,
given the original data. Note that 
To conclude the proof we will show that the latter two integrals (which are the Wasserstein distance betweenF 0,n and F and betweenF s,n and F , respectively) converge to zero in probability. To this end let > 0. Note that
Then note that
by the functional delta-method for quantile processes (see, e.g. Van der Vaart and Wellner (1996) , p. 386/387) and uniform consistency of the residual empirical distribution function F 0,n . Thus we have
where the first inequality follows from (A.7), the second from (A.8), and the last equality follows from (A.7), (A.8) and convergence of |x| dF 0,n (x) = n −1 n i=1 |ε i | to E[|ε|] = |x| dF (x) in probability. Analogous considerations for the second integral in (A.6) make use of Lemma A.3 to obtain uniform consistency ofF s,n , and of |x| dF 0,n (x) = n −1 n i=1
Lemma A.3. Assume (A1)-(A4) and (C1), (C2). Then, conditionally on the data, sup y |T n3 (y)| = o P (1), in probability, where T n3 is defined in (2.5).
Proof. Writê
The second term above is O P (s 
uniformly in y. Note that here we also apply n −1 n i=1ε i = o P (n −1/2 ) which follows from Müller et al. (2004) . The expansion yields, uniformly in y,
with the empirical process E n (y) = n
. From asymptotic equicontinuity of the process E n together with the bounded support of the kernel it follows that the first term is of order o P (n −1/2 ) uniformly in y. The second integral is of order o P (n −1/2 ) since n 
A.2 Linear model
The results of Section 3 are valid under the following regularity conditions.
(AL1) The fixed design fulfills
(AL2) The errors ε ni , i = 1, . . . , n, n ∈ N, are independent and identically distributed with distribution function F and density f that is strictly positive, bounded, and continuously differentiable with bounded derivative on R.
The following conditions are needed for the auxiliary smooth bootstrap process.
(CL1) Let denote a symmetric and differentiable probability density function that is strictly positive on R with u (u) du = 0, u 2 (u) du < ∞. Let have κ ≥ 2 bounded and square-integrable derivatives such that the first κ − 1 derivatives are of bounded variation.
(CL2) Let s n = o(1) denote a positive sequence of bandwidths such that ns
, 2) with υ from (AL2) and for κ from (CL1), let (
Note that condition (CL2) is possible if κ is sufficiently large, namely κ > 2/(2 − δ).
Lemma A.4. Assume the linear model (3.1) and (AL1), (AL2), (CL1) and (CL2). Then, conditionally on the data, sup y |T n1 (y)| = o P (1), in probability, where
Proof. The proof is similar to the proof of Lemma A.1. Note that
Thus withŵ n = sup y |F s,n (y) −F 0,n (y)| = o P (n −1/2 ) (see Lemma A.6) one has the upper bound
and similarly a lower bound. Now write
Note that from (AL1)a the existence of a constant K follows with z ni ≤ K for all i, n. Further, from (3.5) we have
Denoting by V ar * the conditional variance, given the original data, it is easy to see that, for any η > 0,
Thus we have P (b n ∈ B η (0)) → 1 for n → ∞, where B η (0) denotes the ball of radius η around the origin in R p .
Let H denote the function class that was defined in the proof of Lemma A.1. Note that the function class depends on υ from (AL2) and δ from (CL2). In order to obtain P (F s,n ∈ H) → 1 one can mimic the proof of Lemma 2 (and Proposition 4) in Neumeyer (2009) . In the linear case the proof actually is easier due to a faster rate of the regression estimator (one simply replaces o(β n ) with O(n −1/2 ) and sets t ni = 0). Then one obtains
n ) (where · ∞ is the supremum norm) and from this it follows that
under the bandwidth condition (CL2). Now consider the process
where B K (0) denotes the ball with radius K around the origin in R p . One can apply Theorem 2.11.9 in Van der Vaart and Wellner (1996) in order to asymptotic equicontinuity of E n . Here the main issue is to find a bound for the bracketing number
. This is the minimal number of sets in a partition of F into sets F n j such that
To obtain a bound on this bracketing number, define˜ = /(3 + C) 1/2 with C from (A.4), and consider the following brackets for our index components.
• There are O(˜ −2p ) brackets of the form [g l , g u ] coveringG with sup-norm length˜ 2 according to Theorem 2.7.11 in Van der Vaart and Wellner (1996) .
• There are O(exp(˜ −2/(1+α) )) balls covering H with centers H c and sup-norm radius 2 /2 according to Lemma 4 in Neumeyer (2009) Here α = (δ(υ − 1)/2 − 1)/(1 + υ + δ/2) > 0 due to (CL2).
• Given H u and g u construct brackets [
The brackets depend on n, but their minimal number is O(˜ −2 ).
• There are
(where y l , y u correspond to g u , H u as above) partition F and it is easy to see that (A.9) is fulfilled. We further obtain
and thus the bracketing integral condition in Theorem 2.11.9 in Van der Vaart and Wellner (1996) holds. Further F is a totally bounded space with the semi-metric
To see this we show that the covering number N ( , F, ρ) is finite for every > 0. Let (y, g, H, w) be some fixed arbitrary element of F.
• There are finitely many balls with sup-norm radius coveringG. Denote the centers of the balls as g 1 , . . . , g N G and let g * c denote the center of the ball containing g.
• There are finitely many balls with sup-norm radius covering H. Denote the centers of the balls as H 1 , . . . , H N H and let H * c denote the center of the ball containing H.
• There are finitely many balls with radius covering B K (0) in R p . Denote the centers of the balls as z 1 , . . . , z N B .
• Given H j , g k and z l , let the values y j,k,l,m , m = 1, . . . , N j,k,l segment the real line in finitely many intervals of length less than or equal to according to the distribution function y → H j (y + g k (z l )). Let y 0 = −∞ < y 1 < · · · < y N R = ∞ be the (finitely many) ordered values of all y j,k,l,m , j = 1, . . . ,
For the sake of brevity we omit the proof of the remaining (simpler) conditions for application of Theorem 2.11.9 in Van der Vaart and Wellner (1996) . An application of the theorem gives asymptotic ρ-equicontinuity of the process E n which implies that sup y,g,H |E n (y, g, H, w) − E n (y, g, H, 0)| → 0 in probability as w → 0.
Lemma A.5. Assume the linear model (3.1) and (AL1), (AL2), (CL1) and (CL2). Then, conditionally on the data, the process T n2 (y), y ∈ R, defined in (3.7), converges weakly to the Gaussian process W (y) in probability, where W (y) is defined in (3.3).
Proof. Note that we have
The process W * n considered by Koul and Lahiri (1994) (in the case of least squares estimators, i.e. ψ(x) = x, and with weights b ni = n −1/2 ) corresponds to T n2 •F −1 s,n , but replacingε * s,0,i byε * s,i = ε * s,i + x T ni (β n −β * s,n ) withβ * s,n =β n + (X T n X n ) −1 X T n ε * s,n (based on the smooth bootstrap residuals). We have to show that the use of the different parameter estimatorβ * 0,n (instead ofβ * s,n ) does not change the result of Theorem 2.1 in Koul and Lahiri (1994) . Assumptions (A.1), (A.2) and (A.3)(iii) in the aforementioned paper are fulfilled under our assumptions. Assumption (A.3)(ii) in our case reads as
The condition is fulfilled for the smooth bootstrap errors ε * in = ε * s,i by Proposition 2.1 in Koul and Lahiri (1994) . Further the same condition for the non-smooth bootstrap errors ε * in = ε * 0,i is equivalent to 1 n n i=1 (ε in ) k −→ E[(ε 11 ) k ] for n → ∞ a.s., k = 1, 2, (A.10)
which is a standard result in least squares estimation. Assumption (A.3)(iv) in Koul and Lahiri (1994) forβ * 0,n is valid by (3.5), but gives an expansion in terms of ε * 0,i (as opposed to an expansion in the smooth ε * s,i ). Lemma 3.1 in Koul and Lahiri (1994) Because of the continuity of the distributionF s,n with support R (see condition (CL1)) one obtains directly T n2 (y) =T n2 (y) + o P (1) uniformly in y ∈ R, wherẽ
I{ε * s,i ≤ y} −F s,n (y) +f s,n (y)x ni ε * 0,i .
To show conditional weak convergence ofT n2 to W in probability one can follow the steps of the proof of Theorem 2 in Neumeyer (2009) . To this end one needs uniform convergence off s,n to f , which is assumption (A.3)(iii) in Koul and Lahiri (1994) and follows from their Proposition 2.1 under our assumption (see also the proof of Lemma A.4). Further one needs to apply (A.10) and (A.12) and to show convergence of E * [I{ε * s,i ≤ y}ε * 0,i ] to E[I{ε ≤ y}ε] in probability, which is analogous to the last part of the proof of Lemma A.2. Lemma A.6. Assume the linear model (3.1) and (AL1), (AL2), (CL1) and (CL2). Then, conditionally on the data, sup y |T n3 (y)| = o P (1), in probability, where T n3 (y) = n 1/2 F s,n (y) −F 0,n (y) .
Proof. We will use the expansion given in Theorem 6.2.1 in Koul (2002, p. 232) , i.e.
I{ε ni ≤ y} + f (y) 1 n n j=1x nj ε nj + o P (n −1/2 ), uniformly with respect to y ∈ R. Here the second equality follows from (3.2) andx nj was defined in (A.11). Recall thatF s,n (y) = F 0,n (y − vs n ) dL(v). With (A.12) we have I{ε ni ≤ y} + o P (n −1/2 ) uniformly in y. Note that the term on the left hand side of the equation is the empirical distribution function of iid data ε ni , i = 1, . . . , n, smoothed with kernel and bandwidth s n , whereas the term on the right hand side is the classical edf of those data. The theorem in Van der Vaart (1994) gives the desired o P (n −1/2 )-rate of their difference. To see this consider the discussion on p. 502 of the aforementioned paper for σ n = s n = o(n −1/(2k) ) for k = 2, µ n equal to the distribution of s n U , where U has density , and for the function class F = {ε → f z (ε) = I{ε ≤ z} | z ∈ R}, which results in twice differentiable functions y → P f z (ε + y) = F (z − y) with bounded derivatives.
